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ABSTRACT:

Nonlinear economic growth models play a crucial role
in understanding complex economic dynamics such as capital
accumulation, technological progress, population growth, and
market imperfections. Traditional linear models often fail to
capture real-world nonlinearities inherent in economic
systems. Fixed point theory, a fundamental branch of nonlinear
functional analysis, provides powerful mathematical tools for |.
proving the existence, uniqueness, and stability of equilibrium | "’ v
solutions in such models. This paper explores the application of \ y
fixed point techniques particularly Banach, Brouwer, Schauder,
and Krasnoselskii fixed point theorems to nonlinear economic growth models. We formulate growth
models as nonlinear operator equations in suitable function spaces and establish conditions for
equilibrium growth paths. The study highlights the relevance of fixed point methods in modern economic
theory and demonstrates their usefulness through illustrative models and theoretical results.

KEYWORDS: Fixed Point Theory, Nonlinear Growth Models, Economic Equilibrium and Mathematical
Economics.

INTRODUCTION:

Economic growth theory seeks to explain the long-run behaviour of an economy in terms of
capital accumulation, labour force expansion, technological change, and institutional factors. Classical
models such as the Solow growth model assume linear or quasi-linear relationships, which simplify
analysis but limit realism. In contrast, nonlinear economic growth models better represent threshold
effects, increasing returns, externalities, and adjustment costs.

Mathematical economics increasingly relies on nonlinear analysis to study such systems. Fixed
point theory offers a rigorous framework to establish the existence of steady states or balanced growth
paths in nonlinear settings. An equilibrium growth path can often be characterized as a fixed point of a
suitably defined nonlinear operator. The objective of this paper is to systematically study fixed point
techniques and their applications to nonlinear economic growth models. We focus on how equilibrium
solutions arise as fixed points and how stability and uniqueness can be analysed using contraction
mappings and compact operators.
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LITERATURE REVIEW:

The application of fixed point theory in economics dates back to Arrow and Debreu’s proof of
general equilibrium existence using Kakutani’'s fixed point theorem. In growth theory, Brock and
Mirman (1972) employed fixed point arguments to establish optimal growth paths. Lucas (1988)
introduced nonlinear human capital accumulation models that naturally require fixed point methods.

Recent studies have applied Schauder and Krasnoselskii fixed point theorems to overlapping
generations models, endogenous growth models, and nonlinear difference equations. Fixed point
techniques are also widely used in dynamic stochastic general equilibrium (DSGE) models and
evolutionary growth frameworks. Despite extensive use, a unified exposition focusing specifically on
nonlinear economic growth models and fixed point methods remains limited. This paper attempts to
bridge that gap.

MATHEMATICAL PRELIMINARIES:
Fixed Point Definition: Let X be a non-empty set and T: X — X be a mapping. A point x* € Xis called a
fixed point of T if

T(x*)=x"

Metric and Banach Spaces: A metric space (X, d) is complete if every Cauchy sequence converges in X.
A complete normed vector space is called a Banach space, which is essential for applying contraction
principles.

MAJOR FIXED POINT THEOREMS :
Banach Fixed Point Theorem: Let (X, d) be a complete metric space and T:X - X be a
contraction mapping, i.e.,

d(Tx,Ty) < kd(x,y),0<k<1
Then Thas a unique fixed point in X.

Economic Interpretation: This theorem ensures uniqueness and stability of equilibrium growth paths
under strong adjustment conditions.

Brouwer Fixed Point Theorem: Every continuous function from a compact convex subset of R"to
itself has at least one fixed point.

Economic Use: Applied in finite-dimensional growth models with bounded capital stock.

Schauder Fixed Point Theorem: Let C be a closed, bounded, convex subset of a Banach space and
T:C — C be continuous and compact. Then T has at least one fixed point.

Economic Use: Ideal for infinite-horizon growth models with integral equations.

Krasnoselskii Fixed Point Theorem: Used for operators that can be decomposed into contraction and
compact components, useful in mixed growth dynamics.

NONLINEAR ECONOMIC GROWTH MODELS:
General Growth Model: Consider a nonlinear growth equation:

kiyr = F(ke)

where k; represents capital stock and F is a nonlinear production-investment function.
An equilibrium capital stock k* satisfies:

k* =F(k")
Thus, equilibrium corresponds to a fixed point of F.

Journal for all Subjects : www.lbp.world



“FIXED POINT TECHNIQUES FOR NONLINEAR ECONOMIC GROWTH MODELS” VOLUME - 15 | ISSUE - 10 | NOVEMBER - 2025

CONTINUOUS-TIME GROWTH MODEL:

dk(t)

— = Fk(®) = 8k(®)

Steady-state growth occurs when:
f(k*) =ok”
This equation can be rewritten as a fixed point problem.

FIXED POINT FORMULATION OF GROWTH EQUILIBRIUM:
Define an operator Ton a function space C[0, ©)by:

t
TR) = fo ¢35 f(k(s))ds

Finding a growth path reduces to finding a fixed point of T.

EXISTENCE OF EQUILIBRIUM USING SCHAUDER THEOREM:
Assume:
1. fiscontinuous and bounded
2. Tmaps bounded sets into relatively compact sets
3. Tmaps a convex set into itself
Then, by Schauder’s theorem, at least one equilibrium growth path exists.

UNIQUENESS AND STABILITY VIA BANACH FIXED POINT THEOREM:
If f satisfies a Lipschitz condition:

f)—fOMIsLlix—yl
and L < §, then the growth equilibrium is unique and globally stable.

NONLINEAR ENDOGENOUS GROWTH MODEL:
Consider:
Y = AK*HF

The accumulation equations form a nonlinear system. Fixed point techniques guarantee
existence of balanced growth paths under suitable parameter restrictions.

APPLICATIONS IN ECONOMIC THEORY:

e (Capital accumulation with adjustment costs
e Overlapping generations models

¢ Human capital and knowledge spillovers

e Environmental and sustainable growth models
e Nonlinear technological progress

NUMERICAL APPROXIMATION AND ITERATIVE METHODS:
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Fixed point iteration:

kny1 = F(ky)

Convergence is guaranteed under contraction conditions, providing a computational method for

growth equilibria.

POLICY IMPLICATIONS:
Fixed point analysis helps policymakers understand:

Stability of long-run growth
Impact of nonlinear taxation and subsidies
Multiple equilibria and poverty traps

LIMITATIONS OF FIXED POINT METHODS:

Often non-constructive
Existence does not imply economic optimality
Multiple equilibria may exist

FUTURE RESEARCH DIRECTIONS:

Fuzzy fixed point methods in growth theory
Stochastic growth models

Hybrid numerical-analytical techniques
Applications to climate-economy models

CONCLUSION:

Fixed point techniques provide a robust mathematical foundation for analysing nonlinear

economic growth models. By framing equilibrium growth paths as fixed points of nonlinear operators,
economists can rigorously establish existence, uniqueness, and stability results. The integration of
functional analysis with economic theory enhances both theoretical understanding and policy
relevance. As economic systems grow increasingly complex, fixed point methods will remain
indispensable tools in growth analysis.
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