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§1. INTRODUCTION.

Near rings were firstly introduced by Fittings. Near
rings[5] can be thought of as generalized rings: if in a ring we
ignore the commutativity of addition and one distributive law. The
concept of - ring was introduced by Nobusawa [3] and a
generalization of the concept namely, - near ring was introduced
by Satyanarayana [9]. Further M. K. Rao [7]studied T[-semir ring
and then S. Pianskool at el [6] and N. K. Saha at el [8, 11] defined
[- semi-near rings and studied its properties. Various types of
ideals in near rings and I- near ring are studied in articles [1, 10,
12].

Berman G. and Silverman R. J.[2] have initiated a study of
pseudo ideals of a near ring. A nonempty subset | of a near ring N
is a left pseudo ideal of N if (ni — n0) € I; a right pseudo ideal of N if
(in) € | for all ie I, n€ N and a pseudo ideal of N if it is both a left
pseudo ideal and a right pseudo ideal. As a generalization of the
concept of pseudo ideal of a near-ring, Pawar Y. S. and
Pandharpure V. B.[4] have introduced weakly pseudo ideal of a
near ring. A nonempty subset | of a near ring N is a left weakly
pseudo ideal of N if (n%i — n°0) € | for all i € I and n € N, a right
weakly pseudo ideal of N if (in°) € | for alli €  and n € N; and a
weakly pseudo ideal of N if it is both a left weakly pseudo ideal and
a right weakly pseudo ideal.

In this Paper, we introduce the concept of wealdgualo

Definition 2.1. Seminear ring:-A nonempty set N
together with two binary operations ‘+’ and ‘’
satisfying the following conditions, is said to be a
seminear ring.
i) (N, +)is a semigroup,
i) (N, ") is asemigroup,
i) (xty)z=xz+yz forallx,y, z0ON.
Precisely speaking ‘seminear ring’ is a
‘right seminear ring’ here since every seminear
ring satisfy one distributive law (left / right
distributive law).
Every near ring is a seminear ring but
every seminear ring need not be a near ring. For
this we consider the following Example.

Example 1:-let N = {[g 8 / a, b be

nonnegative integers}, (N, +, .) is seminear ring
under the matrix addition and matrix
multiplication. Here N is a seminear ring which is
not a near ring since (N, +) is a semigroup but not

a group since additive inverse does not exist for
all members of N.

Definition 2.2. I'-near ring:-Let (M, +) be a
group (need not be abelian) ahde a nonempty
set. Then M= (M, +,I") is aI'-near ring if there
exists a mapping MTI' xM—M ( the image of
(x, a, y)—xay) satisfying the following conditions

i) (M, +,0)is aright near ring,
i)  xo(yBz) = (xay) Bz for all x,y, ze€ M andi,
BET.

Precisely speakind“near ring’ is al"-near ring’.
Every near ring is a special type of I-

near ring for singleton set I whereas every -near

ring a near ring for each member of T. See the

following example.

Example 2: Let G =Z3={0, 1, 2, ..7}, the additive

group of integers modulo 8 and X= {a, b}. Define

ideals of aI- seminear ring and study its properties. Throughobi: X—G, mi(a) = 0, mi(b) =i, for 0< i < 7. such
this chapter M denotes a rigfitseminear ring and we shall call ithat M ={mq,m, .., m;} and let I = { g, ,g;} where

I'-seminear ring only unless otherwise specified.

§2.1. WEAKLY PSEUDO IDEALS OF A T-SEMI NEAR
RING.
We begin with the following definition.

gi :G - X define by

01234567

01234567
)’ g1=(aaabaaab

aaaaaaaa

go:(
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Forme M, g =T, x ©G. Take mgx = m(g(x)).
Then (M, +, T) becomes lN-near-ring.

Definition 2.3. I'-seminear ring:-Let M be an additive semigroup and I be a nonempty set. Then a semigroup ( M, a) is
called a right I'-seminear ring if there exists a mapping M x I'x M - M (denoted by (a, a, b) - aab) satisfying the
conditions:
i) (atb)ac = axct+bac,
i) ac(blc) = (axb)PBc

foralla, b,c M and a, B € I. Precisely speaking ‘[-seminear ring’ to mean ‘right I'-seminear ring’.

Every -near ring is a [-seminear ring but every -seminear ring need not be a -near ring. For this we consider
the following Example.

Example 3: Let M = {[g g] / a, b be nonnegative integers} =, Then (M, +, I) is I'- seminear ring under the matrix
addition and matrix multiplication. Here N is a seminear ring which is not a near ring since (M, +) is a semigroup but not
a group since additive inverse does not exist for all members of M. Define M x 'x M - M (denoted by (a, a, b) = aab)
where aab is matrix multiplication of a, a, b Then M is a I-seminear ring but not a l-near ring. Since (M, +) is a
semigroup which is not a group.

Definition 2.4. Sub-I'-seminear ring:- Let M be a [-seminear ring. A nonempty subset M" of M is a sub-I'-seminear ring

of M if M"is also a [-seminear ring with the same operations of M.
Definition 2.5. Ideal of a I'-seminear ring:-A subset | of a ['-seminear ring M is a left (resp. right) ideal of a I'-seminear
ring M if | is a subsemigroup of M and riix Sl(resp. xtir =l) forallx,y =1 andr =M, a € T.

If is both left as well as right ideal then we say that | is an ideal of M.

Example 4: Consider the example of I-seminear ring (M, +, .) mentioned above. We have |={[20a Zob] / a, b be

nonnegative integers} is an ideal of M.
Definition 2.6 : A subset | of M is a left (resp. right) pseudo ideal of M if

(i) (1, +) is a normal subgroup of (M, +),

(i) xaa-xa0 € 1 (aaxe 1) for all &€ I, x, ye M anda €T".
Definition 2.7: A subset | of M is a left (resp. right) weakly pseudo ideal of M if (i) (I, +) is a normal subgroup of (M, +),

(i) xaxaa- xaxa0 € | (aaxax€ 1) for all a€l, x € M and a €[.
A weakly pseudo ideal of M is both a left weakly pseudo ideal and a right weakly pseudo ideal.

Example 5: - Let (M, +) be an additive group where M = {0, a, b, ¢} and I = {c;, [} be a nonempty set of binary

operations on M as shown in the tables.

+|(0]a|b]c a|0la|b]|c B0 |a|lb|c
O|0|a|b]|c 0O/0|0|0]0O 0|0 |0|O0]|O
ala|0|c|b a|0|0|a|a a0 |0|/0]|O
b|b|c|0]a b|O0O|a|b|b b|{O |[0/0 |0
c|lc|bja]O c|O0O|ajc|c c|0 |0|]0]|O

Then (M, +,T') is al'-near ring and | = {0, a} is a weakly pseudo ideM which is also an ideal as well as pseudo
ideal.

Example 6: Let (M, +) be an additive group where M = {0, a,d&,andT" = {a, 5} be a nonempty set of binary
operations on M as shown in the tables.
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+|0|a|b]|c alolalblec B|O|la|b]|c
O|0|a|b]|c ololololo 0O|0|O0O|0O0|O
ala|0|c|b alolbplolb al/l0|0|0]O0O
b|b|c|0]a blolololo b|0[O0O|0]|O0O
c|c|bla]0 clolblolb c|0]0]0]0

Then (M, +,I) is aI'-near ring and | = {0, a} is a weakly pseudo idetiM (For e.g., hbaa — mba0 = Qa —
000 = 0 — 0 = C= |) which is neither an ideal (For e.g.q @+a) —ab = axc — ab = b — 0 = BZ 1) nor a pseudo ideal of
M. (Fore.g.,, ab= c=c& ).
Note that left weakly pseudo ideal and right wegldgudo ideal are independent concepts.

Example 7: Let (M, +) be an additive group such that M = {Q,ba ¢} andl’ = {a, [} be a nonempty set of binary
operations on M as shown in the following tables.

+|0|a|b|c alOlalbl|c B|0 |a |b |c

O|0|a|b]|c ololololo 0|0 |O |0 |O

ala|0j|c|b alololala al|0 |0 |0 |O

b|b|c|0]a blolalbl|b b|O0O |0 |0 |O

C C bla|O0 c 0 alc Cc c|O 0 0 0

In the above example, | = {0, b} is a right wealdgeudo ideal of M which is not left weakly pseudeal.
Since @ctib-coca0=ctb- ca0=c-0=c+0=¢Zl

+|0|a|b|c «lolalblc 570 [a b c
O|O0|a|b|c ololololo

0|0 |O0|O0|O

al0 |0]|0|O

clclblalo o b|O0O [0|0]|O

cl0]a c clo|oo]oO

In the above example, | = {0, c} is a left weaklygudo ideal of M which is not right weakly pseudeal. Since
cabab=bab=bEI.

In the following theorem we see that intersectibamy family of weakly left (resp. right) pseudceals of M is
a weakly left (resp. right) pseudo ideal of M regpely.

Theorem 2.8 : - Everyleft( right) pseudo ideal of M is a left(right) weakly pseudeatiof M .
Proof: Let <M, +,a >, a €l be al-near ring. Let | be a pseudoleft ideal in M. Sh,+> is a normal subgroup of < M,
+>and mi —noOe | foralli€ I,,a€r and for all nEM. If n €M then run = rf €M. Hence fai — If o0€ | for all | €
I,a €l and for all eEM.Thus | is a left weakly pseudo ideal.

Now if | be a pseudo right ideal in M. Therng | and as an = rf €M we have an” € | for for all i € I, o €T
and for all neM. Thus | is a right weakly pseudo ideal.

Theorem 2.9 : - Let M be a commutativE-semi near ring. Then | is a left weakly pseudald# M if and only if | is a
fuzzy right weakly pseudo ideal of M.

Proof: Let M be a commutativE-semi near ring. Let | is a left weakly pseudoaideSo Aai — faOe | for all | € I, a
er and for all neM. But M is a commutativ&-near ring. Then i — rfa0 = ion? —0an? = ian? -0 = bn’ € | for all | €
I, a €l and for all neM. Thus in a commutativE—near ring left weakly pseudo ideal is a right wegkseudo ideal
coincide.

Conversely if < I, +> is a normal subgroup of <M and | is a weakly pseudoideal of M such thitieakly
pseudo ideal is equal to right weakly pseudoid&4ien for right weakly pseudo ideal | we hawg?—0un® = ian® -0 =
ion? = rfai —0 = rfai — rfo0€ | for all | € I, a € and for all neM. Thus | is a commutativE—semi near ring .
Consequently M is B—seminear ringm

Theorem 2.10:- Intersection of any collection of weakly left (resght) pseudo ideals of M is a weakly left (regght)
pseudo ideal of M.
Proof: Let {p.[}l]/ A€, where M\ is an index set} be a family of weakly left pseudo ideals of M. Let x, y, a€ M.
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Let | = Nyep { I / A€A, where /A is an index set} be a family of left pseudo ideals of M. Since I, # @ forall Aand0 €
n}Le/\ I}\ =1 SO, I+ ¢

Also intersection of any collection of normal subgroups in N being normal. We get <I, +> is a normal
subgroup in <M, +> . Leti € [, where I, is a pseudo left ideals of M.

By definition of pseudo left ideals of M, nanai - nana0 € I, for all I, a €l Hence, nanai - nana0e
Nyen Lifor all I, , a €l and for all n € M. Thus nanai - nana0 € [foralli €1, a €l and for all n € M i.e.l is a left
weakly pseudo ideal of M.

Now Let | = Nyep {1 / A€N, where M is an index set} be a family of right weakly pseudo ideals of M. Since

I, # @ for all Aand 0EN;ep [,=1. So, I = @.

Also intersection of any collection of normal subgroups in N being normal. We get <I, +> a normal
subgroup in <M, +> . Leti € [, where I, is a weakly pseudo right ideals of M.

By definition of weakly pseudo right ideals of M, ianan€ I, forall I, a €r.

Hence, ian € Njep [iforall I, o €M and for alln € M. Thus ianan € [ foralli €1, a €l and for alln EM i.e.
| is a right pseudo ideal of M.
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