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In this paper we introduce and investigate new
classes of feebly regular separated sets, feebly
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connected complement functions in topological
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1.INTRODUCTION:

Throughout this paper, basic definitions are collected which are used to form the new
concepts like feebly regular separated, feebly regular connected, quasi ultra feebly regular open
and feebly regular set-connected functions.

Definition 1.1 [5]: A subset A of a topological space (X,t) is said to be feebly open (resp. feebly
closed) if Acs cl (int(A)). (resp. s int (cl(A))cA).

Definition 1.2 [1]: Let (X,t) be a topological space. Any subset A of X is called feebly clopen if it is
both feebly open and feebly closed.
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Definition 1.3 [2]:Let A be subset of X. The feebly regular closure of A (briefly F.reg.cl(A)) is the
intersection of all feebly closed set containing A and the feebly regular interior of A (briefly
F.reg.int(A)) is the union of all feebly regular open sets contained in A.

Definition 1.4 [2]: A subset A of X is said to be feebly regular open (briefly F.reg.open) if A = f. int(f.
cl(A)).

Remark 1.5 [2]: The feebly regular open set is analyzed in the way if A is both feebly open and
feebly closed.

Definition 1.6 [2]: A subset A of X is said to be feebly regular closed (abbr. F.reg.closed) if
A=f.cl(f.int(A)).

Definition 1.7 [2]: A subset A of X is said to be feebly regular clopen if A=f.int(f.cl(f.int(A))). On the
other hand, if A is F.reg.open and F.reg.closed.

Definition 1.8 [2]: Let A be subset of X. The feebly regular closure of A (abbr. F.reg.cl(A)) is the
intersection of all feebly regular closed sets containing A and the feebly regular interior of A (abbr.
F.reg.int(A)) is the union of all feebly regular open sets contained in A.

Remark 1.9 [2]:The complement of feebly regular open set is feebly regular closed.

Definition 1.10 [4]: A function f: (X,t)—(Y,o) is said to be set-connected function if f*(V) is clopen
in X for every Veco(Y), where co(Y) denotes the clopen subset of V.

Definition 1.11 [3]: A space X is said to be clopen Ty if for each pair of distinct points x and y of X,
there exist clopen sets U and V containing x and y respectively such that ygU and xgV.

Definition 1.12 [3]: A space X is said to be clopen T, if for each pair of distinct points x and y in X,
there exist disjoint clopen sets U and V in X such that xeU and yeV.

2.FEEBLY REGULAR SEPARATED SETS

Definition 2.1: Let (X,t) be a topological space. Two non empty feebly regular open sets A and B of
X are said to be feebly regular separated (abbr. F.reg.separated) if and only if [AN
(F.reg.cl(B)]U[(F.reg.cl(A))"B]=.

Example 2.1:Let X = {a,b,c} with t ={o, X, {a}, {b,c}}. t-complements are { X, o, {b,c}, {a}}. Now
feebly open sets={g,X, {a},{b,c}}, feebly closed={p,X,{a},{b,c}}, F.reg.open sets={X, ¢,{b,c}, {a}} and
F.reg.closed sets={p, X, {a}, {b,c}}. Now we take F.reg.open sets A = {a} and B = {b,c}. Here
F.reg.cl(B)={b,c} and F.reg.cl(A)={a}. These sets A and B are satisfied
[AN(F.reg.cl(B)]U[(F.reg.cl(A))"B]=¢. Thus A and B are F.reg.separated sets.

Theorem 2.2:Let (Y,ty) be a subspace of a topological space (X,t) and let A, B be two subsets of
Y. Then A, B are F.reg.separated on tif and only if they  are F.reg.separated on 1y.
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Proof: Let A,B be F.reg.separated on (Y,ty). Now (F.reg. cly(A))=(F.reg. clx(A)) nY and (F.reg. cly(B))=
(F.reg. clx(B))"Y. Now [(F.reg. cly(A))"B] U[AN(F.reg. cly(B)]=[(F.reg. clx(A))N(YNB)]U[AN [(F.reg.
clx(YNB)] =[(F.reg. clx(A))NB]JU[AN(F.reg. clx(B))]. Hence [(F.reg. cly( A))nB] U[AN (F.reg. cly(B))]=¢p
if and only if (F.reg. clx(A))NB]JU[AN (F.reg. clx(B))]=¢. It follows that A,B are F.reg.separated on 7 if
and only if they are F.reg.separated on 1y.

Theorem 2.3: If A and B are F.reg.separated subsets of a space X and CcA and DcB, then C and D
are also F.reg.separated.

Proof : We are given that An(F.reg.cl(B))=¢ and (F.reg.cl(A))"B=¢ ----- (1). Also CcA=(F.reg.cl(C))c
(F.reg.cl(A)) and DcB= (F.reg.cl(D)c(F.reg.cl(B))----(2). It follows from (1) and (2) that Cn
(F.reg.cl(D))=¢ and (F.reg.cl(C))nD=¢. Hence C and D are F.reg.separated.

Theorem 2.4: Two F.reg.closed (F.reg.open) subsets A,B of a topological space are F.reg.separated if
and only if they are disjoint.

Proof: Since any two F.reg.separated sets are disjoint, we need only prove that two disjoint
F.reg.closed (F.reg.open) sets are F.reg.separated. If A and B are  both disjoint and F.reg.open,
then AmB=¢, F.reg.cl(A)=A and F.reg.cl(B))=B so that F.reg.cl(A))"B=¢ and A F.reg.cl(B))=0.
Showing that A and B are F.reg.separated. If A and B are both disjoint and F.reg.open, that A’and B’
are both F.reg.closed so that F.reg.cl(A’))=A" and F.reg.cl(B’))=B’. Also AnB=0. Now AcB ' and
BcA'= F.reg.cl(A)cF.reg.cl(B')=B" and F.reg.cl(B)cF.reg.cl(A")=A'=  F.reg.cl(A))"B=¢ and
F.reg.cl(B)"A=p=A and B are F.reg.separated.

Theorem 2.5: Two disjoint sets A and B are F.reg.separated in a topological space (X,t) if and only if
they are both F.reg.open and F.reg.closed in the subspace AUB.

Proof:Let the disjoint sets A and B be F.reg.separated in X so that AnF.reg. clx(B)=¢ and F.reg.
clx(A)mB=¢. Let E=AUB. Then F.reg. clg(A)=F.reg. clx(A)NE= F.reg. clx(A)"(AUB)
= [F.reg. clx(A)mA]U[ F.reg. clx(A)nB]=Aup=A, since Ac F.reg. clx(A) and F.reg.clx(A)"B=¢. Hence
Ais F.reg.closed in the subspace AUB. Similarly B is F.reg.closed in AUB. Again since AnB=@, they
are complements of each other in E and hence they are both F.reg.open in E. Conversely let the
disjoint sets A and B be both F.reg.open and F.reg.closed in AUB. To show that A and B are
F.reg.separated in X. Since A is F.reg.closed in E, we have

A= F.reg. clg(A)= F.reg. clx(A)NE = F.reg. clx(A)"(AUB) =[F.reg. clx(A)NA]U[ F.reg. clx(A)NB]=AU|
F.reg. clx(A)nB] ----(1). Since AcF.reg. clx(A). Since AnB=p=AnN [F.reg. clx(A)B]=0, it follows
from (1) that F.reg. clx(A)"B=¢. Similarly AN[ F.reg. clx(B)]=¢. Here A and B are F.reg.separated in
X.

3.FEEBLY REGULAR CONNECTED AND FEEBLY REGULAR DISCONNECTED SETS
Definition 3.1: A subset A of X which cannot be expressed as the union of two feebly regular
separated sets is said to be feebly regular connected. (abbr. F.reg.connected)

Remark 3.2: In another way some discussion about the F.reg.connected set, (i) if A and B are
separated sets then they are F.reg.separated sets (ii) every F.reg.connected set is connected
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set.(iii) X is F.reg.connected. if and only if X is not the union of two non-empty disjoint F.reg.open
sets if and only if X=AUB, AeF.reg.open(X), BeF.reg.open(X),A=p, B#p implies ANB #¢.

Remark 3.3 : Amap f: (X,T)—>(Y,0) is said to be feebly regular continuous if fHV) is F.reg.closed in X
for every closed subset V of Y.

Definition 3.4: A space which is a union of two disjoint non-empty F.reg.separated sets is called
F.reg.disconnected.

Theorem 3.5: A space X is connected if the only subsets of X which are both F.reg.open and
F.reg.closed (= F.reg.clopen) are ¢ and X.

Proof: If X=AUB with A and B are F.reg.open sets and disjoint, then X-A=B and so B is the
complement of aF.reg.open set and hence is F.reg.closed. Similarly, B is F.reg.clopen. Conversely, if
Ais a non-empty proper F.reg.open subset then A and X-A are F.reg.disconnected of X.

Theorem 3.6:TheF.reg.continuous image of a F.reg.connected space is F.reg.connected.
Proof : If f : X—>Y is F.reg.continuous mapping of a connected space X into an arbitrary topological
space Y. We wish to show that f(X) is F.reg.connected as a subspace of Y. Assume that f(X) is
disconnected. Then there exists G; and G; both F.reg.open in Y such that Gif(X)zp, G.f(X)=o,
(G1F(X))N( G F(X)) =¢ and (GiF(X))U( Gof(X))=F(X). It follows that @=f"(¢) =F'[(Gif(X)) (
G F(X))=F(G1NG) (X)) |=F GG F(X)I=F G NF G X=F [G1]F'[G,]  and  X=f
)= HGNFX)U( - G F(X)=F[[G1UGINF(X)] =FG1UGINFT  [f(X)]={f"[G1]Uf [G]iX=F
YG1]UFYG,]. Since f is feebly regular continuous and G1,G; are F.reg.open in Y both intersecting
f(X), it follows that f![G;] and f1[G,] are non-empty F.reg.open subsets of X. Thus X has been
expressed as a union of two disjoint non-empty F.reg.open subsets of X and consequently X is
F.reg.disconnected, which is a contradiction. Hence f(X) must be connected.

Theorem 3.7 : A subset Y of a topological space X is F.reg.disconnected if and only if Y is the union
of two non-empty disjoint sets both F.reg.open (F.reg.closed) in Y.
Proof: Let Y be a subset of X and is F.reg.disconnected if and only if there exist non-empty sets G
and H both F.reg.open (F.reg.closed) in X such that GNY=p, HNY=p, (GNY)N(HNY)=¢ and
(GNY)U(HNY)=Y.

Theorem 3.8 : Let (X,t) be a topological space and let Y be a subset of X. Then Y is
F.reg.disconnected if and only if there exist non-empty sets G and H both F.reg.open (F.reg.closed)
in X such that GNY=0, HNY=o, YcGUH and GNHCX-Y.
Proof: By theorem 3.7, Y is F.reg.disconnected if and only if there exist non-empty sets G and H
both F.reg.open (F.reg.closed) in X such that GNYzp, HNYze, (GNY)N(HNY)=¢ and
(GNY)U(HNY)=Y. Now (GNY)N(HNY)=p<= (GNH)NY=p<> GNHcCX-Y, and  (GNY)U(HNY)=Y<
(GUH)NY=Y < YCGUH.

Theorem 3.9 : Let (X,t) be a topological space and let E be a F.reg.connected subset of X such that
EcAUB where A and B are F.reg.separated sets. Then either ECA or ECB.Proof : Since A, B are
F.reg.separated, AN(F.reg.cl(B))=0, F.reg.cl(A))mB=¢. Now ECAUB =EN(AUB) = (ENA)U(ENB)----
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-(1). We claim that at least one of the sets ENA and EMB is empty. For, if possible, suppose none
of them sets is empty, that is, suppose that ENA =@ and ENB #¢@. Then (ENA) N (ENB) < (ENA) N
[F.reg.cl(E) ~ F.reg.cl (B)] =(ENE)"N[AnF.reg.cl(B)] =[ENF.reg.cl(E)]Nop=0. Similarly
F.reg.cl(ENA)N(ENB)=¢p. Hence ENA and ENB are F.reg.separated sets. Thus E has been expressed
as the union of two non-empty F.reg.separated sets and consequently E is F.reg.disconnected. But
this a contraction. Hence atleast one of the sets ENA and ENB is empty. If ENA=¢, then (1) gives
E=ENB which implies that ECB. Similarly if ENB=¢, then ECA. Hence either ECA or ECB.

Corollary 3.10: If E is aF.reg.connected subset of a space X such that ECAUB where A, B are disjoint
F.reg.open (F.reg.closed) subsets of X, then A and B are F.reg.separated.
Proof :{If A, B are F.reg.open with AMnB=¢p, then AcB'= F.reg.cl(A) c
F.reg.cl(B')=B'=F.reg.cl(A))"B=¢. Similarly AnF.reg.cl(B)=¢. Hence A,B are F.reg.separated.

4. FEEBLY REGULAR SET-CONNECTED FUNCTIONS
Definition 4.1 : A function f:X—Y is said to be feebly regular set- connected (abbr. F.reg.set-
connected) if f (V) eco(X) for every VeF.reg.open(Y).

Example 4.1: Consider the function f from the topology t = {9, {a}, {b,c}, X} on X = {a,b,c} and the
topology ¢ = {o, {r}, {p,a}, Y} on Y = {p, q, r} with f(a)=r, f(b)=q and f(c)=p. Clearly o is
aF.reg.openset. The inverse image of everyF.reg.open set in Y is clopen in X. Thus f is feebly
regular set-connected.

Theorem 4.2 : Let (X,t) and (Y,c) be topological spaces. The following statement are equivalent
for a function f:X—Y (i) f is F.reg.set-connected

(i) f(f.int(f.cl(G))) is clopen for every F.reg.open subset G of Y.

Proof: (i)=(ii) Let G be any F.reg.open subset of Y. Since f.int(f.cl(G)) is F.reg.open, by (i) it follows
that fY(f.int(f.cl(G)) is clopen.

(i)=(i) Let V be F.reg.open in Y. By (i) f*(f.int(f.cl(V))) is clopen in X and hence f is F.reg.set-
connected.

Theorem 4.3 : If f:X—>Y is F.reg.set-connected function and A is any subset of X, then the restriction
f/A : A—Y is F.reg.set-connected function.

Proof: Let V be a F.reg.open set in Y. By hypothesis f1(V) is clopenin X. We have
f1(V)nA=(f/A) (V) is clopen in A. Hence f/A is F.reg.set-connected function.

Theorem 4.4 : Let f : X—Y be set-connected and and g : Y—>Z be F.reg.set- connected . Then g -f:
X—Zis F.reg.set-connected function.

Proof: Let V be F.reg.open in Z. Since g is F.reg.set-connected, g*(V) is clopen in Y. Since f is set-
connected, f1(g™(V)) is clopen in X. Hence g -f is F.reg.set- connected.

Definition 4.5: A function f : X—Y is said to be F.reg.open (resp. F.reg.closed) if the image of every
open set (closed set) in X is F.reg.open (F.reg.closed) in Y.

Theorem 4.6: If f:X—Y is a surjectiveF.reg.open and F.reg.closed function and g:Y—Z is a function
such that g :X—>Z is F.reg.set-connected, then g is F.reg.set- connected.

Available online at www.lsrj.in



ON FEEBLY REGULAR SET-CONNECTED FUNCTION AND QUASI ULTRA FEEBLY REGULAR OPEN MAP IN TOPOLOGICAL SPACE

Proof : Let V be F.reg.open in Z. (g<f)*(V) is clopen in X. That is f*(g}(V)) is clopen in X. Since f is
surjectiveF.reg.open and F.reg.closed, f(f'(g*(V)))=g*(V) is clopen. Therefore g is F.reg.set-
connected.

Definition 4.7 : A space X is said to be F.reg.T, if for each pair of disjoint points x and y of X, there
exist F.reg.open sets U and V containing x and y respectively such that ygU and xg¢V.

Theorem 4.8:If f : X—>Y is a F.reg.set-connected injection and Y is F.reg.T;, then X isclopen T;.

Proof : Since Y is F.reg.T:for any disjoint points x and y in X, there exist V,W eF.reg.open(Y) such that
f(x)eV, fly)eV, f(x)eW, fy)eW. Since f is F.reg.set-connected, f(V) and f*(W) are clopen in X.
Furthermore yef(v) and xgf(W). This shows that X is clopen T;.

Definition 4.9: A space X is said to be F.reg.T, or F.reg.Hausdorff if for each pair of distinct points x
and y in X, there exist disjoint F.reg.open sets U and V in X such that xeU and yeV.

Theorem 4.10 :If f : X—Y and g:X—Y be F.reg. set-connected function and Y is F.reg.Hausdorff, then
E={xeX: f(x)=g(x)}is F.reg.closed in X.

Proof: If xeX-E then it follows that f(x)=g(x). SinceY is F.reg.Hausdorff, there exist F.reg.open sets V
and W such that f(x)eV, g(x)eW and VnW=@p. Since f and g are F.reg.set-connected, f
Y(f.int(f.cl(V))) and g™ (f.int(f.cl(W))) are clopen in X with xef *(f.int(f.cl(V))) and xeg™(f.int(f.cl(W))).

5. QUASI ULTRA F.REG.OPEN AND QUASI ULTRA F.REG.CLOSED FUNCTIONS
Definition 5.1: A function f : X—Y is said to be quasi ultra F.reg.open if f(U) is open in Y with
F.reg.connected complement for every F.reg.open set U in X.

Theorem 5.2 : A function f : X—>Y is quasi ultra F.reg.open if and only if for every subset U of X,
f(F.reg.int(U))cint(f(U)).

Proof : Let f be a quasi ultraF.reg.open set. Now, we have int(U)cU and F.reg.int(U) is F.reg.open
set. Hence, we obtain that f(F.reg.int(U))cf(U). As f(F.reg.int(U)) is open, f(F.reg.int(U))cint(f(U)) .
Conversely, assume that U is F.reg.open set in X. Then, f(U)=f(F.reg. int(U))cint f(U)). But
int(f(U))cf(U). Consequently f(U)=int f(U) and hence f is quasi ultra F.reg.open.

Lemma 5.3 : If a function f : X—Y is quasi ultra F.reg.open, then F.reg.int(f'l(G))cf'l(int(G)) for every
subset G of Y with F.reg.connected complement.
Proof : Let G be any open subset of Y with F.reg.connected complement. Then, F.reg.int(f*(G)) is an
F.reg.open set in X and f is quasi ultra F.reg.open, then f(F.reg.int(f }(G))cint(f(f*(G))cint(G). Thus,
F.reg.int(F}(G))=f(int(G)).

Theorem 5.4 : Let f : X—Y be a function if fis quasi ultra F.reg.open then for each subset U of X,
f(F.reg.int(U))cint(f(U)).
Proof : It follows from theorem 5.2.

Theorem 5.5 : A function f : X—Y is quasi ultra F.reg.open if and only if for any subset B of Y and for
any F.reg.closed set F of X containing f(B), there exist a closed set G of Y containing B with
F.reg.connected complement such that f(G)cF.
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Proof : Suppose f is quasi ultra F.reg.open. Let BCY and F be F.reg.closed set of X containing f*(B).
Now, put G=Y-f(X-F). It is clear that f*(B)cF implies BcG. Since f is quasi ultra F.reg.open, we
obtain G as a closed set of Y with F.reg.connected complement. Moreover, we have f(G)cF.
Conversely, let U be a F.reg.open set of X and put B=Y\f(U). Then X\U is aF.reg.closed set in X
containing f}(B). By hypothesis, there exists a closed set F of Y with F.reg.connected complement
such that BcF and f*(F)eX\U. Hence we obtain f(U)cY\F with F.reg.connected complement. On
the other hand, it follows that BcF, Y\FcY\B=f(U). Thus, we obtain f(U)=Y\F with F.reg.connected
complement which is open and hence f is a quasi ultraF.reg.open function.

Theorem 5.6 :A function f : X—Y is quasi ultra F.reg.open if and only if f*(cI(B))cF.reg.cl(f*(B)) for
every subset B of Y with F.reg.connected complement.

Proof: Suppose that f is quasi ultra F.reg.open. For any subset B of Y, f*(B)cF.reg.cl(f*(B)).
Therefore by theorem 5.4, there exists a closed set in Y with F.reg.connected complement such that
BcF and f'l(F)cF.reg.cI(f'l(B)). Therefore, we obtain f'l(cl(B))cf'l(F)cF.reg.cI(f'l(B)). Conversely, let
BcY and F be aF.reg.closed of X containing f1(B). Put W=cly(B), then we have BcW and W is closed
and f'l(W)cF.reg.cl(f'l(B))F. Then by theorem 5.5, f is quasi ultra F.reg.open.

6. QUASI ULTRA F.REG.CLOSED FUNCTIONS
Definition 6.1: A function f : X—Y is said to be quasi ultra F.reg.closed if the image of each
F.reg.closed set in X is closed in Y with F.reg.connected complement.

Lemma 6.2: If a function f : X—Y is quasi ultra F.reg.closed, then f'l(int(B))cF.reg.int(f'l(B)) for every
subset B of Y with F.reg.connected complement.
Proof : Similar to the proof of lemma 5.3.

Theorem 6.3: A function f : X—Y is quasi ultra F.reg.closed if and only if for any subset B of Y and
for any F.reg.open set G of X containing f1(B), there exists an open set U of Y with
F.reg.connected complement containing B such that f1(U)cG.
Proof : Similar to that of theorem 5.5.
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