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ABSTRACT

Most of the phenomena studied in the domain of /fu. “ SR \
Engineering and Science are periodic in nature. For instance, '
current and voltage in an alternating current circuit. These 30 7
periodic functions could be analyzed into their coONStituUENt | wow. oy spoiving the formuia for (0 inthe interval 14, 11
components (fundamentals and harmonics) by a process called | =2 L:(-<)e S5 o eos( e con( )
Fourier analysis. Tt L (a2 e e 22)

By simplifying the definite integrals,

. n>0

<. n>0
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INTRODUCTION

Periodic functions occur frequently in the problems studied during Engineering education.
Their representation in terms of simple periodic functions such as sine and cosine function, which leads
to Fourier series(FS). Fourier series is a very powerful tool in connection with various problems
involving partial differential equations. In this article, let us discuss the Fourier analysis with examples.

WHAT IS THE FOURIER SERIES?

A Fourier series is an expansion of a periodic function f(x) in terms of an infinite sum of sines
and cosines. Fourier Series makes use of the orthogonality relationships of the sine and cosine
functions.

LAURENT SERIES YIELD FOURIER SERIES

A difficult thing to understand and/or motivate is the fact that arbitrary periodic functions have
Fourier series representations. In this section, we prove that periodic analytic functions have such a
representation using Laurent expansions.

FOURIER ANALYSIS FOR PERIODIC FUNCTIONS

The Fourier series representation of analytic functions is derived from Laurent expansions. The
elementary complex analysis is used to derive additional fundamental results in the harmonic analysis
including the representation of Coo periodic functions by Fourier series, the representation of rapidly
decreasing functions by Fourier integrals, and Shannon’s sampling theorem. The ideas are classical and
of transcendent beauty.
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A function is periodic of period L if f(x+L) = f(x) for all x in the domain of f. The smallest positive
value of L is called the fundamental period.
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The trigonometric functions sin x and cos x are examples of periodic functions with
fundamental period 2m and tan x is periodic with fundamental period m. A constant function is a
periodic function with arbitrary period L.

It is easy to verify that if the functions f1, . . ., fn are periodic of period L, then any linear

combination
11 (2) + ... +afa(2)

is also periodic. Furthermore, if the infinite series

1 o naT . MwE
2@0+ > in-y Gn COS 7" + by sin T

consisting of 2L-periodic functions converges for all x, then the function to which it converges
will be periodic of period 2L. There are two symmetry properties of functions that will be useful in the
study of Fourier series.

Even and Odd Function
A function f(x) is said to be even if f(-x) = f(x).
The function f(x) is said to be odd if f(-x) = —f(x).
Graphically, even functions have symmetry about the y-axis, whereas odd functions have

A A
T~ [V

Even Odd MNeither

Examples:

Sums of odd powers of x are odd: 5x3 - 3x

Sums of even powers of x are even: =x6 + 4x4 + x2 - 3
Since x is odd, and cos x is even

A
\/| N | o
sinz (odd) cos z (even)

The product of two odd functions is even: X sin x is even
The product of two even functions is even: x2cos x is even
The product of an even function and an odd function is
odd: sin x cos x is odd

Note:

To find a Fourier series, it is sufficient to calculate the integrals that give the coefficients ay, a,,
and b, and plug them into the big series formula.

Typically, f(x) will be piecewise-defined.

Journal for all Subjects : www.lbp.world



FOURIER SERIES VOLUME - 12 | ISSUE - 7 | AUGUST- 2022

Big advantage that Fourier series have over Taylor series: the function f(x) can have
discontinuities.

Fourier series Formula

The formula for the fourier series of the function f(x) in the interval [-L, L], i.e. -L < x < L is given
by:

1) = g+ 52 14y cos( X ) + 51 B, - s 72
Here, . .
ag= L 1 fx)a

An:%-ﬁiﬂx]cﬂs(%)dx, n=>0

B,=1 -ﬁiﬂx]sm[%)dp n>0

The above Fourier series formulas help in solving different types of problems easily.

Fourier Series Example

Example: Determine the fourier series of the function f(x) = 1 - x2 in the interval [-1, 1].
Solution:

Given,
f(x) =1-x%[-1,1]

We know that, the fourier series of the function f(x) in the interval [-L, L], i.e. -L < x < L is written
as:

ﬂx] =“1[i+2:c;=1-4n ) ms[% +Erzm=13n -sin[%]

Here,
s9= L fn)a
An:%-ﬁlﬂx}ms{%)dx, =0

ani-ﬁlﬂx]sm[iﬂ)dx: n>0

Now, by applying the formula for f(x) in the interval [-1, 1]:
1 3 1 1
fix) = 2_11 -f_l (1 —x2):£r + E n:l% £ TN [1 —xz)ms(%)dx z cos[%)

1 \ \
R Sy
By simplifying the definite integrals,

.1 {4 1] _4l-a)t mx |, oo 1 a - Amx
—ﬂ(§)+zf=li( g = )°°5(T)-En=1i i S“‘(T)
oo 4[—1)"cos{mmx)
n=1 2 3
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Applications

A Fourier Series has many applications in mathematical analysis as it is defined as the sum of
multiple sines and cosines. Thus, it can be easily differentiated and integrated, which usually analyses
the functions such as saw waves which are periodic signals in experimentation. It also provides an
analytical approach to solve the discontinuity problem. In calculus, this helps in solving complex
differential equations.

What is the Fourier Series formula?
The formula for the fourier series of the function f(x) in the interval [-L, L], i.e. -L. < x < L is given

by:
f(x)=A_0+Y _{n=1}"{oo} A_n cos(nmx/L) + Y, _{n = 1}*{oo} B_n sin(nmx/L)

What is the Fourier series used for?
Fourier series is used to describe a periodic signal in terms of cosine and sine waves. In other
other words, it allows us to model any arbitrary periodic signal with a combination of sines and cosines.

How do you solve a Fourier series?

The steps to be followed for solving a Fourier series are given below:
Step 1: Multiply the given function by sine or cosine, then integrate
Step 2: Estimate for n=0, n=1, etc,, to get the value of coefficients.
Step 3: Finally, substituting all the coefficients in Fourier formula.

What are the 2 types of Fourier series?
The two types of Fourier series are trigonometric series and exponential series.

What is meant by the Fourier series?

A Fourier series is an expansion of a periodic function f(x) in terms of an infinite sum of sines
and cosines. Fourier Series makes use of the orthogonality relationships of the sine and cosine
functions.

REFERENCE:

1. https://mathworld.wolfram.com (accessed on 11/05/2022)

2. https://en.wikipedia.org/wiki/Fourier_series (accessed on 11/05/2022)
3. https://www.mathsisfun.com (accessed on 11/05/2022)

4. https://lpsa.swarthmore.edu (accessed on 13/05/2022)

Journal for all Subjects : www.lbp.world



